Ryukyu limestone formation belonging the Quaternary Era is wide spreadly distributed over Ryukyu archipelago. The sea shores constituted by Ryukyu limestone formation is generally steep and it often forms overhanging cliffs. It also contains many karstic caves. Overhanging cliffs and karstic caves cause engineering and social problems particularly in urbanized areas in addition to seashores and riversides. The authors are concerned with the stability of cliffs constituted by Ryukyu limestone formation along the seashores in Ryukyu Islands archipelago and they present some analytical methods and numerical analyses for the stability assessment of overhanging cliff subjected to gravitational and seismic loads. These methods are applied to some actual observations on seashore cliffs in several islands. They compared the case studies with estimations and discussed the possibility of estimating tensile strength of rock.
INTRODUCTION
Ryukyu Islands are situated on Ryukyu arc between Kyushu Island and Taiwan. The cantilever-like cliffs along the shores of Ryukyu Islands constituted by Ryukyu limestone formation are caused by the dissolution and/or erosion of limestone by sea waves, winds, river flow or percolating rain water and they may cause stability problems especially in urbanized areas along shorelines and riversides 1) . Fig.1 shows two examples of failure of Ryukyu limestone cliffs. Fig.1 (a) is the failure of the overhanging cliff next to Gushikawa Castle remains in Itoman City in Okinawa Island, where two karstic caves created by the solution of Ryukyu limestone threaten the overall stability of the castle remains. Fig.1 (b) shows the restoration of the collapse of the overhanging cliff along Route 331 in Nanjo City, which occurred on July 27, 2008 after a rainy period. The roadway closed to traffic for more than 9 months. The stability problems may arise in the form of bending failure, shearing failure and toppling failure depending upon the natural discontinuities of rock mass with toe erosion 2), 3), 4), 5) as shown in Fig.2 . Shear failure is experimentally observed when the ratio of cliff height to erosion depth is larger while bending failure occurs when the ratio is lower 2), 5) . However, there are very few studies for evaluating the stability of rock cliffs 6)-10) . The approach of bending theory of cantilever beams is often adopted to assess the stability of overhanging cliffs 1), 10) . Although it is the simplest approach, its applicability is not discussed in previous studies 10) . Ryukyu limestone is widely distributed all over Ryukyu Islands 12) and they form very steep cliffs along the shorelines of Ryukyu Islands 1), 11) . The toe of these cliffs is often eroded by sea waves and they result in overhanging rock cliffs (Fig.3) . When the erosion reaches to a certain depth, they topple 1) . This article is concerned with the stability of steep cliffs made of Ryukyu limestone in Ryukyu Islands. Following a brief description of geology, case histories and properties of Ryukyu limestone, mechanical theoretical and numerical models for analyzing the stability of overhanging rock cliffs are presented. Numerical analyses using the finite element method are carried out to check the applicability of theoretical models based on the bending theory of cantilever beams. Then, several examples of stable and unstable rock cliffs in several islands, properties of Ryukyu limestone and their rock mass characterization are presented. In the final part, the results of the analyses by the proposed stability assessment method are compared with actual observations and discussed. This study also yields some information how to evaluate the tensile strength of rock mass using RMR rock classification. 
GEOLOGY OF RYUKYU ISLANDS
The main islands of Ryukyu archipelago are Amami-Oshima, Okinawa, Miyako, Ishigaki, Iriomote and Yonaguni from north to south (Fig. 4) 
12)
. The age of the basement is pre-Cenozoic and the basement rocks consist of chert and schists. Cenozoic sandstone, shale and limestone overlay the basement rocks 12) . These rock units are followed by Pliocene Shimajiri formation and all formations are covered with Quaternary and Holocene deposits. Pliocene Shimajiri formation consists of a series of mudstone, siltstone and sandstone. Quaternary deposits are Pleistocene Ryukyu limestone and Holocene alluvium and sand dunes. The thickness of Ryukyu limestone layer ranges between 4 to 70m. Figs. 5-8 show the geology of several islands of Ryukyu archipelago, where investigations were carried out. Solid circles show the locations of investigation in each island. Numbers within parenthesis show the number of case histories in each site. Io1 (2) Io2 (2) My1 (23) My2 (10) My3 (3) My4 (2) My5 (20) My6 (3) Is1 (10) Is2 (2) Is3 (5) Ok1 (16) Ok2 (5) Ok3 (3) Ok4 (2) Ok5 (2) Ok6 (5) height of cliffs varies from place to place and it is within the range of 4-40m (Fig. 9) . The cliff height, erosion depth and sizes of overhanging or failed blocks were measured whenever possible using laser distance-meters. The recent technological advances allow to measure the erosion depth and overhanging height with a sufficient accuracy. The number of case histories so far is 152. Further investigations are planned in other islands of Ryukyu archipelago. For shearing failure one can easily derive the following condition by assuming that overhanging cliff has a rectangular shape: If failure of the cliff occur due to bending, then, the limiting erosion depth will be obtained as follows:
EXAMPLES OF CLIFF FAILURES
Where � σ t and � H are tensile strength and overhanging height. Accordingly, the critical overhanging length or erosion depth for shearing and bending failure simultaneously can be obtained from Eqs. (1) and (2) 10 clearly showed that failures were due to bending (tensile) failure. Therefore, it is concluded that the bending failure was the dominant mechanism of overhanging cliff failures in the islands investigated so far.
ROCK MASS CHARACTERIZATION
The Ryukyu limestone is porous and its porosity varies between 4% to 30%. It is generally classified as sandy limestone and coral limestone and their physical and mechanical properties are given in Table 1 .
The authors carried out visual observations and investigations on Ryukyu limestone cliffs 1) . The cliffs are usually constitued by coral limestone and layer (bedding) thickness is generally greater than 1-2m. There are widely spaced subvertical joints in Ryukyu limestone layers. However, the joint spacing can be reduced to 10-20cm in the vicinity of normal or strike-slip fault zones. The surface morphology
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Fig. 10
The relation between thickness and erosion depth of overhanging cliffs in Ryukyu Islands. of bedding planes and joints are generally rough and undulating except the fault surfaces. They may also contain either solution cavities or calcite filling. 
MECHANICAL MODELLING
As pointed out in the previous section, the toe erosion of rock cliffs results in overhanging rock blocks. If the overhanging part of the cliff is continuously connected to the rest of rock mass, these rock blocks may be modeled as cantilever beams. However, depending upon the erosion type, their configuration may change from a rectangular shape to triangular shape. If the bending theory is employed, one can easily derive the following set of equations by assuming that cliffs are subjected to gravitational and seismic loads as illustrated in Fig. 11 for a unit thickness.
Varying beam thickness
� h = h b 1− (1− α ) x L ⎛ ⎝ ⎜ ⎞ ⎠ ⎟ Shear Force � Q = V o − (1+ k v )γh b x 1− (1− α ) x 2L ⎛ ⎝ ⎜ ⎞ ⎠ ⎟
Bending Moment
Bending Stress at the outer fiber Fig.12 shows the bending stress distributions along the outermost fiber of the beam for different geometric configurations. The severest condition for tensile stress distribution occurs when the beam has a rectangular shape and the value of the bending stress is much higher for the rectangular configuration. Tensile stress is also the largest at the base of the cantilever beam. As discussed by Aydan and Kawamoto 6) , the cantilevers fail immediately once the tensile stress exceeds the tensile strength of rock mass. In addition to gravitational load, the seismic loads would make the cliffs more vulnerable to failure during earthquakes as seen in Fig. 13 . As noted from Fig. 13 , the vertical seismic loading has greater effects compared to that of the horizontal seismic loading.
NUMERICAL MODELLING
Finite element method is one of the powerful numerical techniques to analyze the stability of the cliffs. This technique was employed by Kawamoto et al. 3) to back-analyze the failure of an overhanging cliff at Echizen along the Japan Sea shore. One of the main purposes of the finite element method was to check the application limits of the bending theory presented in the previous section.
We analyzed the stress state of an overhanging block having different shapes using a two dimensional elastic finite element method under gravitational and seismic loading to illustrate stress changes during the erosion process and compare with estimations from the bending theory of cantilever beams presented in previous section for material properties given in Table 3 . The reason to use elastic finite element analysis was such that when cantilever structures start to rupture in tension in brittle rock mass, it would immediately result in total failure. Fig. 14 shows the finite element model for simulating the erosion process for a rectangular cliff model with a height of 10m for three erosion depths (4m, 8m and 12m) together with assumed boundary conditions. The horizontal stress distribution along the vertical sections, namely, ES1 (4m), ES2(8m) and ES3(12m) for a rectangular shape under gravitational loading are shown in Fig. 15 . As noted from the figure the stress distribution is different from that obtained from the bending theory of cantilevers (see also Fig. 18 for 12m erosion depth) . Fig. 16 shows the horizontal stress distribution at top surface. As expected, high tensile stress develops at top (ground) surface of the cliff and tensile stress increases as the erosion depth increases. When the ratio of erosion depth to overhanging beam thickness exceeds 1, it is also interesting to note that the maximum tensile stress occurs in the close vicinity of the ground surface projection of the erosion tip. However, the value of the maximum tensile stress is less than that computed from cantilever theory. The difference probably results from the simplication assumptions used in the conventional bending theory of cantilevers. Other additional reasons may be the geometrical and boundary condition differences. The vertical stress shown in Fig.17 in the vicinity of the erosion tip is high and compressive. However, the maximum compressive stress is about 2.5 times the maximum tensile stress. This simply implies that the possibility of the failure of overhanging blocks is much more likely in tension rather than in compression when the actual ratio of the compressive strength of Ryukyu limestone to its tensile strength is taken into account (see Table 1 ). Horizontal stress distributions along the vertical section emanating from the erosion tip computed from the finite element method for two different Poisson's ratios (0.00 and 0.25) are compared with each other. The stress distributions computed from the FEM are not influenced by the variation of Poisson's ratio and the stress distribution is different from that estimated from the bending theory of cantilever beams as seen in Fig.18 . However, the stress is more linearly distributed for tensile part than that in compressive part.
Unit weight Poisson' s ratio Elastic Modulus
The maximum value of tensile stress computed from the finite element method is about 75% of that computed from the bending theory, and the maximum compressive stress is about 2.5 times the maximum tensile stress.
The effect of seismic loads on the stress state of cliffs is simulated using the seismic coefficient method as presented in Section 5. Fig.19 shows the horizontal stress distribution at top (ground) surface of the model for horizontal seismic load coefficients of 0.0g, 0.3g and 0.6g. As expected from the theoretical formulation presented in Section 5, the stresses increase linearly as the seismic load coefficient increases. Fig. 20 shows the horizontal stress distribution at top (ground) surface of the model for vertical seismic load coefficients of 0.0g, 0.1g and 0.2g. Similar to the previous case, the stresses increase linearly as the seismic load coefficient increases. Nevertheless, the increase of both horizontal and vertical seismic loads definitely imply that the cliffs will be more 
Fig. 16
Horizontal stress distribution at top surface computed from the FEM model for various erosion depths.
Fig. 17
Vertical stress distribution at the erosion level of the cliff for various erosion depths.
Fig. 15
Horizontal stress distribution at the base of cantilever beams for various erosion depths computed from FEM. 6 prone to fail during earthquakes. Particularly, the effect of vertical component of the seismic load will be greater than that of the horizontal seismic load.
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COMPARISONS AND DISCUSSIONS
The finite element computations clearly indicated overhanging cliffs are subjected to tensile stresses due to bending phenomenon similar to those estimated from the bending theory of cantilever beams. Both the tensile and compressive horizontal stresses in the overhanging cliffs increase as the erosion depth increases. The distribution of horizontal stresses along the vertical plane emanating from the erosion (notch) tip is somewhat different from the distribution estimated from the conventional bending theory. In addition, the value of the maximum compressive stresses is about 2.5 times that of tensile stress. Nevertheless, the possibility of the failure of overhanging blocks is much more likely in tension rather than in compression when the actual ratio of the compressive strength of Ryukyu limestone as well as other rocks to their tensile strength is taken into account. Furthermore, the value of tensile stress at the top surface computed from the finite element method is about 25% less than that computed from the bending theory of cantilevers. Therefore, the use of the bending theory of cantilever beams for assessing the stability of overhanging cliffs should be acceptable on the basis of numerical simulations and it provides a simple approach for engineers dealing with cliff stability problems.
The observations shown in Fig. 10 were compared with estimations from the bending theory of cantilever beams presented in Section 5. Fig. 21 shows the results of measurements of failed and stable Ryukyu limestone cliffs together with estimated stability bounds for different tensile strength of rock mass using the bending theory of cantilever beams. It is interesting to note that the in-situ tensile strength of rock mass should range between 0.25 and 1.0 MPa if the presented theoretical model is applicable. The tensile strength of intact Ryukyu limestone specimens generally varies between 2 and 4 MPa. The estimated in-situ tensile strength of rock mass is 0.06-0.25 times the tensile strength of intact rock. This comparison has also some important implications regarding the tensile strength of rock masses. The observational results together with computational results clearly indicate that rock masses in nature have tensile strength and some considerations must be given to how to evaluate it.
EVALUATION OF TENSILE STRENGTH OF ROCK MASSES
One can find several approaches to assess some engineering properties of rock masses 14)-19) . Available approaches are generally concerned with elastic modulus and uniaxial strength of rock masses. However, Aydan and Kawamoto 22) proposed the following empirical function to estimate the various properties ( ϕ m ) of rock mass in terms of those ( ϕ i ) of intact rock and Rock Mass Rating (RMR):
Where α 0 and α 100 are the values of the function at RMR=0 and RMR=100 of normalized property α . β is an empirical constant determined by using a minimization procedure for experimental values of given physical or mechanical properties. If this empirical model is applied to tensile strength ( σ tm ) of rock mass on the basis of our observations and comparisons of uniaxial compressive strength and elastic modulus of rock mass in previous studies 22) , 23) , the proposed empirical function will take the following form:
Where σ ti is tensile strength of intact rock. The inferred tensile strength of the rock mass implies that value of empirical constant β may range between 5 and 7 on the basis of observational results and computational results shown in Fig.21 and properties of intact Ryukyu limestone given in Table 1 . The previous studies on uniaxial compressive strength and elastic modulus of rock mass indicated (9) (10) that the value of empirical constant β has a value of 6. Since the ratio of the uniaxial compressive strength of rock to its tensile strength is within the range of 10-20 and remains constant for the same rock type, we also suggest that the value of empirical constant β could be designated as 6. This evaluation also implies that the tensile strength of rock mass may be obtained from the principles proposed by Aydan and Kawamoto 22) to infer the compressive strength and elastic modulus of rock masses.
CONCLUSIONS
The authors considered the stability of steep cliffs made of Ryukyu limestone in Ryukyu Islands. Theoretical and numerical models for analyzing the stability of overhanging rock cliffs are presented. Several examples of stable and unstable rock cliffs along the shores of Ryukyu Islands, properties of Ryukyu limestone and their rock mass characterization are presented. The results of the analyses by the stability assessment method proposed were compared with actual observations. The conclusions drawn from this study are as follows: 1) The severest condition regarding the bending stress at the outer most fiber of overhanging cliffs occurs and the value of the bending stress is much higher for the rectangular configuration than those of other configurations. Such overhanging cliff will fail immediately once the tensile stress exceeds the tensile strength of rock mass. 2) Seismic loads also increase tensile stresses in cliffs.
As a result of this, they become more vulnerable to fail during earthquakes. 3) Basic RMR value of typical coral Ryukyu limestone cliffs ranges between 45 to 64 except fault or fracture zones. 4) The bending theory of cantilever beams for assessing the stability of overhanging cliffs should be acceptable in spite of slight difference with FEM results as it provides a simple approach for engineers dealing with cliff stability problems. 5) The comparisons of the results of measurements of failed and stable Ryukyu limestone cliffs together with estimated stability bounds for different tensile strength of rock mass indicated that the in-situ tensile strength of rock mass should range between 0.25 to 1.0 MPa. 6) The in-situ tensile strength of rock mass can be estimated as a fraction of that of intact rocks from the empirical relation proposed by Aydan and Kawamoto 21) . The normalized form of the tensile strength of rock mass has the same form as those for the uniaxial compressive strength and elastic modulus of rock mass.
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